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Abstract
This paper discusses linearized (spherically symmetric) perturbation of static Heckmann com-
posite thin shell wormholes in Brans-Dicke gravity. The equation of state P = β2σ at the throat is
linearized around the static solution where σ energy density of the shell and P the lateral presume.
We have shown that this thin shell wormholes is stable within the range 0 ≤ β < 1 and with all
values of ω except ω = −2.
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I. INTRODUCTION
After the leading work by Moris and Thorn [8], wormhole connecting two asymptotically
flat spacetimes is now well known classic in relativity theories. A powerful theoretical method
for constructing and analyze wormhole geometry, introduced by Visser [12, 13], is by cutting
and pasting two manifolds to form a geodetsically complete one. It is well known that
wormhole within the framework of general relativity always requires the presence of exotic
matter [12]. On the other hand wormholes in some alternative theories of gravity have been
also investigated previously and it was demonstrated that the requriment of exotic matter
can be avoided.
To describe a thin shell Brans-Dicke wormhole configurations one may construct such
system by two distinct strategies. Actually, the essence of the standard method 1 is the fol-
lowing: One takes two the same copies of spacetime manifolds with appropriate asymptotics,
cuts and casts away ’useless’ regions of spacetimes (containing horizons, singularities, etc.),
and pastes remaining regions. As the result, one obtains a geodesically complete wormhole
spacetime with given asymptotics (Schwarzschild, Reissner-Nordstrom, Brans-Dicke, etc.)
and a throat being a thin shell of exotic matter violating the null energy condition. In
other case, we have initially a thin shell made from ordinary matter, and then we look for
appropriate interior and exterior Brans-Dicke solutions [1, 2] matched at the shell [11].
Here it is worth noticing that thin-shell Brans-Dicke wormholes were studied in the lit-
erature [4, 14]. Note that this approach is similar to the problem of a thin shell in general
relativity (see Ref. [7]). However, the distinction is that the Birkhoff theorem is not valid in
Brans-Dicke theory, and so both the interior and exterior Brans-Dicke vacua are not unique.
It is then important to know wether such wormhole are stable. Stability analysis of
thin shell wormholes under small perturbations around the static solution has been done
previously by several authors. In this paper, the stability of composite vacuum Brans-Dicke
wormholes is analyzed under linear perturbation preserving the symmetry.
1 The first examples of thin-shell wormholes have been given by Visser [12, 13].
2
II. CONSTRUCTION OF THE BRANS-DICKE COMPOSITE THIN SHELL
WORMHOLES
The action of Brans-Dicke theory [5] is given by2
S =
1
2
∫
dx4
√−g
{
φR− ωφ
,µφ,µ
φ
}
+ Sm, (1)
where R is the scalar curvature, φ is a scalar field, ω is a dimensionless coupling parameter,
and Sm is an action of ordinary matter (not including the scalar field). The action (1)
provides the following field equations:
Gµν =
1
φ
Tµν +
ω
φ2
φ,µφ,ν − ω
2φ2
gµνφ,αφ
,α +
1
φ
φ;µ;ν − 1
φ
gµνφ
;α
;α, (2a)
φ;α;α =
T
2ω + 3
, (2b)
where Gµν = Rµν − 12Rgµν is the Einstein tensor, and T = T µµ is the trace of the matter
energy momentum tensor Tµν .
We shall consider the matching of two static and spherically symmetric spacetimes. From
the mathematical point of view, the most simple and satisfactory expression for the matching
conditions is, following Linchnerowicz, the assumption that there exists a system of co-
ordinates in which the metric tensor satisfies the continuity conditions. Let ξi be a coordinate
system on Σ where Σ is an abstract copy of any of the boundaries. Continuity conditions
require a common coordinate system on Σ and this is easily done if one can set ξi+ = ξ
i
−
.
Let (V ±, g±) be four-dimensional spacetimes with non-null Σ±. The junction/shell for-
malism constructs a new manifold M by joining one of the distinct parts of V + to one of
the distinct parts of V − by the identification Σ+ = Σ− ≡ Σ. The matching conditions
require the equality of the first and second fundamental forms on Σ±. There are unique
(up to orientation) unit normal vectors n±
α to the boundaries. We choose them so that if
n+
α points towards V + then n−
α points outside of V − or viceversa. Clearly the sign of the
normal vectors are crucial since e.g. n−α points away from the portion of V
− which will be
used in formingM. The three basis vectors tangent to Σ are
eαi =
∂xα
∂ξi
(3)
2 Units 8piG = c = 1 are used throughout the paper. Greek indices range over the coordinates of the
4-manifold and Roman indices over the coordinates of the 3-surfaces.
3
which give the induced metric on Σ by
qij =
∂xα
∂ξi
∂xβ
∂ξj
gαβ. (4)
The extrinsic curvature (second fundamental form) is given by
Kij =
∂xα
∂ξi
∂xβ
∂ξj
∇αnβ
= −nγ
(
∂2xγ
∂ξi∂ξj
+ Γγαβ
∂xα
∂ξi
∂xβ
∂ξj
)
. (5)
Then matching conditions are simply
qij
+ = qij
−, (6)
Kij
+ = Kij
−. (7)
If both (6) and (7) are satisfied we refer to Σ as a boundary surface. If only (6) is satisfied
then we refer to Σ as a thin-shell.
Writing two static spherically symmetric spacetimes V + and V − with signature (−+++).
one can suppose that the metrics g+αβ(x
γ
+) and g
−
αβ(x
γ
−) in the coordinate systems x
γ
+ and x
γ
−
are of the most general forms
ds2 = −f±(r, t)dt2 + g±(r, t)dr2 + u±(r, t)drdt+ h±(r, t) (dθ2 + sin2 θdϕ2) (8)
where f±(r, t), g±(r, t), u±(r, t) and h±(r, t) are of class C2. However, in what follows, we
will restrict ourselves to static spacetimes with u±(r, t) = 0 because that is sufficient for our
illustrative purpose.
Within these spacetimes define two non-null 3-surfaces Σ+ and Σ− with metrics q+ij(ξ
k
+)
and q−ij(ξ
k
−
) in the coordinates ξk+ and ξ
k
−
which decompose each of the 4-spacetimes into two
distinct parts. The parametric equation for hypersurface Σ is of the form
F (x) = r − a = 0. (9)
in which case the throat is located at a constant radius a. The norm to Σ can be written as
nµ = −
√
g(r)f(r)r˙dt|Σ +
√
g(r)(1 + g(r)r˙2)dr|Σ . (10)
The induced metric on the Σ by the two solutions (8) is
q±ijdξ
i
±
dξj± = −f±(r)dτ 2 + h±(r)
(
dθ2 + sin2 θdϕ2
)
(11)
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therefore we must have on the Σ according to equality of the first fundamental form
f−(a) = f+(a), h−(a) = h+(a) (12)
Note that this approach not required a continuity the g±(a). Moreover, Brans-Dicke
scalar field should be continuous around the shell, however, field values on the inside and
the outside of the shell do not necessarily have to be same [5]. We can impose that the Σ be
also characterized by equality of the second fundamental form too. This condition leads to
K11 =
1
2
f ′(a)√
g(a)
, K22 =
1
2
h′(a)√
g(a)
(13)
where prime denote derivation wits respect to a. Continuity of the second fundamental form
is merely equivalent to
h+
′
(a)2g−(a) = h−
′
(a)2g+(a), f+
′
(a)2g−(a) = f−
′
(a)2g+(a) (14)
The junction conditions in Brans-Dicke theory (generalized Darmois-Israel conditions)
can be obtained by projecting on Σ the field equations (2) [10]:
− [Kij ] + [K]δij =
1
φ
(
Sij −
S
3 + 2ω
δij
)
, (15)
[φ,n] =
S
3 + 2ω
, (16)
where the notation [Z] = Z+|Σ − Z−|Σ stands for the jump of a given quantity Z across
the hypersurface Σ, n labels the coordinate normal to this surface and Sij is the energy-
momentum tensor of matter on the shell located at Σ. The quantities K and S are the
traces of Kij and S
i
j respectively. Note that Eq. (15) is equivalent to
Sij = φ
(
ω + 1
ω
[K]δij − [Kij]
)
. (17)
This Lanczos equations follow from the Einstein equation for the thin shell.
III. STABILITY CONDITION (LINEARIZING METHOD).
We let the radius a to be a function of the proper time τ on the Σ and trying to find
the local stability of the thin shell under small perturbation around the static solution at
5
a = a0. The jump of the components of the extrinsic curvature associated with two sides of
the hypersurface in the spacetime with the metric (8) can be found as
Kττ =
f(2a¨g + a˙2g′) + f ′(1 + a˙2g)
)
2f
√
g
√
1 + a˙2g
, (18)
Kθθ = K
φ
φ =
h′
√
g(1 + a˙2g)
2gh
, (19)
K = Kττ + 2K
θ
θ . (20)
where the overdot denotes a derivative with respect to τ .
The surface stress-energy tensor of a perfect fluid is given by
Sij =


−σ 0 0
0 p 0
0 0 p

 , (21)
where σ and p are the surface energy density and the surface pressure, respectively. So
S = 2p− σ. After some algebra Eq. (17) yields
[Kττ ] =
1
(3 + 2ω)φ
[(2 + ω)σ + (2 + 2ω)p] (22)
[
Kθθ
]
= − 1
(3 + 2ω)φ
(p+ σ + ωσ) . (23)
Rearranging the Eq.(23) one can write
1
2
a˙2 + V (a) = 0 , (24)
By solving (23) for a˙2, one finds
a˙2 =
(
2
(3 + 2ω)φ
(p+ σ + ωσ)
h
[h′]
)2
− 1
g
≡ −2V (a) . (25)
A Taylor expansion to second order to potential V (a) around the static solution yields:
V (a) = V (a0) + V
′(a0)(a− a0) + 1
2
V ”(a0)(a− a0)2 +O(a− a0)3. (26)
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Differentiating (24) with respect to τ , we have
V ′(a) = −a¨ . (27)
Solving (22) for a¨, we obtain
V ′(a0) =
√
1 + a˙2g√
g(3 + 2ω)φ
(2P (1 + ω) + σ(2 + ω))− a˙
2
2
(
[f ′]
f
+
[g′]
g
)
− [f
′]
2fg
. (28)
It is clear that stress energy structure of the thin shell and its property are related
so that an imposed equation of state will determine the stability condition. Because of
its simplicity the linear equation of state p = β20σ is often used with the field equations
for many of applications and it is frequently used in constructing thin shell. Using the
parameter β0 =
dp
dσ
which is usually interpreted as a speed of sound Eq. (16) and Eq. (28)
can be written as
V ′(a0) = −(2 + ω + 2β
2(1 + ω))
(−1 + 2β2)
[φ′]
φg
− a˙
2
2
(
[f ′]
f
+
[g′]
g
)
− [f
′]
2fg
(29)
Using Eq. (16) and Eq. (28) it is not difficult to see that V (a0) = V
′(a0) = 0, so the
potential
V (a) =
1
2
V ”(a0)(a− a0)2 +O(a− a0)3. (30)
Finally, by differentiating (29) we find
V ′′(a0) =
a˙2
2
(
[f ′]2
f 2
− [f”]
f
+
[g′]2
g2
− [g”]
g
)
+
+
(2 + ω + 2β2(1 + ω))
g(2β2 − 1)
(
[φ′][g′]
φg
+
[φ′]2
φ2
− [φ
′′]
φ
)
+
1
2g
(
[f ′]2
f 2
+
[f ′][g′]
fg
− [f
′′]
f
)
(31)
The wormhole is stable if and only if V ′′(a0) > 0.
IV. SPHERICALLY SYMMETRIC WORMHOLES.
The matter is concentrated at the throat, while the rest of the spacetime is the vacuum
Brans-Dicke solution can be given by
7
ds2 = −ν0
(
1− 2µ
ρ(r)
) 1
λ
dt2 + ρ(r)′2
(
1− 2µ
ρ(r)
)− 1+C
λ
dr2 +
+ρ(r)2
(
1− 2µ
ρ(r)
)1− 1+C
λ
dΩ2, (32)
φ(r) = φ0
(
1− 2µ
ρ(r)
) C
2λ
, (33)
where dΩ2 = dθ2 + sin2 θdϕ2 is the linear element of the unit sphere, and ρ(r) the arbitrary
function. Generally, this solution depends on free parameters: φ0, ν0, µ, and C. The
parameter λ is not free, it obeys the following constraint condition:
λ =
√
(C + 1)2 − C (1− 1
2
ωC
)
. (34)
In this solution the interpretation to a choice of function ρ(r) generally correspond to
a choice of state within the ”interior” and ”exterior” vacua. In particular, considering the
function ρ(r) in the form
ρ(r) = r, C =
2
ω
(35)
considerable simplification occurs, namely the interior is described by the vacuum Heckmann
solution [6] :
f+(r) = α0
(
1− B
r
) ω
2+ω
, (36a)
g+(r) =
1
1− B
r
, (36b)
h+(r) = r2 (36c)
φ+(r) = φ0
(
1− B
r
) 1
2+ω
, (36d)
where φ0, α0, B, and C are free (still undefined) parameters. Note that the radial coordinate
r runs monotonically from B to a, where a > B is a boundary of the interior region.
Assuming C− ≡ 0 for exterior region of a spherical gravitating configuration one can
obtain the exterior Schwarzschild solution:
f−(r) = 1− 2M
r
(37a)
g−(r) =
1
1− 2M
r
, (37b)
h−(r) = r2 (37c)
φ−(r) = 1. (37d)
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We consider a thin shell between two Heckmann manifolds with exterior parameter M
(Schwarzschild mass) and interior mass parameter B. The radial coordinate r within the
exterior region runs from a to infinity. We will suppose that a > M/2; this guarantees that
the exterior region does not contain the event horizon.
So, r is the global radial coordinate monotonically running from B to a in the interior
region, and from a to infinity in the exterior one. We will suppose that the all metric
components and scalar field be continuous on the Σ.
f+(a) = f−(a), g+(a) = g−(a), h+(a) = h−(a) and φ+(a) = φ−(a) ≡ 1.
Obviously, for this case Darmois-Israel conditions [9] holds. Substituting Eqs. (36) and
(37) gives
B = M, (38a)
α0 =
(
1− 2M
a
) 2
2+ω
, (38b)
φ0 =
(
1− 2M
a
)− 1
2+ω
. (38c)
At the same time, derivatives of the metric and scalar field can be discontinuous. The
discontinuity of the metric is usually described in terms of a jump of the extrinsic curvature
Kij .
Finally, to find stable configurations, we need to compute V ′′(a) from Eq. (31). Substi-
tuting Eq. (36) and Eq. (37) we obtain
V ′′(a0) = 4µ
µ (5 + 2β2(ω − 2) + ω)− a0 (3 + ω + 2β2ω)
a30(2µ− a0) (2β2 − 1) (2 + ω)
(39)
V. STABILITY REGIONS
To find stable configurations, we need to consider all possible constraints. The wormhole
is stable if and only if
V ′′(a0) > 0. (40)
The boundary of the region of stability is given by the surface
V ′′(a0, ω, µ) = 0. (41)
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We shell now study this equation in detail. Under standard physical circumstance the
shell made from a perfect fluid with the barotropic equation of state p = β2σ with 0 ≤ β < 1.
To avoid singular behavior of the metric, the radius of the throat must satisfy
a0 > 2µ. (42)
This conditions gives some possible cases accordingly to the value of coupling constant ω
1. Case ω < −2
a. 2µ < a0 ≤ 3µ, and a0 > 3µ, ω ≤ 3a0−5µµ−a0
β >
1√
2
. (43)
b. a0 > 3µ,
3a0−5µ
µ−a0
< ω < −2
0 < β < Υ (44)
where Υ =
√
a0(3+ω)−µ(5+ω)
2µ(ω−2)−2a0ω
2. Case −2 < ω < −3
2
Υ < β <
1√
2
(45)
3. Case ω = −3
2
β 6= 1√
2
(46)
4. Case ω > −3
2
a. a0 >
7µ
3
, −3
2
< ω < 2µ
µ−a0
1√
2
< β < Υ (47)
b. a0 >
7µ
3
, ω ≥ 2µ
µ−a0
β >
1√
2
(48)
The interior and exterior regions are matched at a thin shell made from ordinary matter
with positive energy density and pressure. The resulting configuration represents a stable
composite wormhole, i.e. the thin matter shell with the Schwarzschild-like exterior region
and the interior region containing the wormhole throat.
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VI. SUMMARY
In this paper, we have analyzed the stability of a new class of static spherically symmetric
configurations composed of interior and exterior Brans-Dicke vacua divided by thin matter
shell. Both vacua correspond to the same Brans-Dicke coupling parameter ω, however they
are described by the solution with different sets of parameters of integration and arbitrary
function ρ(r). In particular, the exterior vacuum solution has C− ≡ 0. In this case the
solution with any ω just reduces to the Schwarzschild one being consistent with restrictions
on the post-Newtonian parameters following from recent Cassini data. The interior region
possesses a strong gravitational field, and so, generally, C+ 6= 0.
The common geometry emerges from the junction conditions at the boundary surface. It
must be combined with Darmois-Israel junction conditions. Our approach provides a clear
way of showing that the interior and exterior solutions is not a unique static spherically
symmetric solution.
An interesting feature of composite wormholes is that the strong-field interior region
containing all exotic ghost-like matter is hidden behind the matching surface, whereas the
weak-field region out of it possesses the usual Schwarzschild vacuum. Such the configuration
is similar to the model of trapped-ghost wormholes [3]. Note that in both models wormholes
are twice asymptotically flat. However, in the trapped-ghost wormhole model the ghost
is hidden in some restricted region around the throat, whereas in the composite wormhole
model the ghost-like Brans-Dicke scalar occupies the “half” of wormhole spacetime behind
the matching surface [11]. Anyway, in the composite wormhole configuration a ghost is
hidden in the strong-field interior region, which may in principle explain why no ghosts are
observed under usual conditions.
Applying the analysis to composite wormhole geometries, considering the one of the
Heckmann solutions as interior region, we deduced stability regions, and found that the
latter exist well within the wide range of parameters 0 ≤ β < 1 and ω 6= −2. We would
like to remark, that the Brans-Dicke thin shell wormholes has been mentioned in [14] with
a stability analysis. Actually, unlike authors claim in [14], a stability region of Heckmann
composite wormholes exist with all values of ω except ω = −2.
In this context the idea of linkages for vacuum regions bounding other metrics may have
11
broad applications.
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